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Abstract

Information goods can be reconfigured at low cost. Therefore, firms
can choose how to differentiate their products at a frequency compa-
rable to price changes. However, doing so effectively is complicated by
uncertainty about customer preferences compounded by the fact that
the search for a good product niche is carried out in competition with
other searching firms.

We study two firms that differentiate their information goods. The
firms simultaneously compete in product configuration and price. We
assume a non-uniform distribution of consumers: the largest number
prefer a product located at a “sweet spot,” but the rate at which the
customer density falls off away from this product configuration is un-
known. Our characterization reflects the standard tradeoff between
exploitation (current profit) and exploration (learning to enhance fu-
ture profit). In our model firms balance current profits from competing
for a mass and a niche market, while learning about the profitability
of these alternative strategies.

The amount of learning that firms will undertake depends on the
convexity or concavity of the profit function in the rate of demand fall-
off. We identify circumstances when firms have an incentive to learn.
We show that the ability to explore in product characteristic space
leads to a previously unidentified consequence of learning: attenuation
of competition. The incentive to learn induces firms to differentiate
their products more than they would if the value of learning were
ignored. This leads to decreased direct competition with rivals, and
thus higher prices and profits than if the firms were acting myopically.
Thus, we might expect that when firms are not well informed about



consumer preferences for information goods — as might be especially
true in new markets for innovative products — product diversity will
be higher and direct competition will be smaller than might otherwise
be expected.

1 Introduction

Information goods can be reconfigured at low cost. For example, information
aggregators (newspapers, databases) can unbundle and re-bundle informa-
tion objects in a variety of ways. In the print-on-paper world, low-price
bundles (like daily newspapers) generally are offered in one standard edition
(with perhaps a small number of minor variants). Extensive customization is
provided by information services at a high cost. With electronic publication,
the cost of customizing a standard edition can approach zero.

There has been little research on how firms choose to differentiate their
information goods. This problem is especially challenging because firms
rarely have complete information about the preferences of potential cus-
tomers over product characteristics. Thus, over time they make their price
and product configuration decisions based not only on expected current prof-
its, but also based on the value of the learning they expect from each period’s
offering. To further complicate things, this search for a good product niche
is carried out in competition with other searching firms.

We consider two firms competing in two dimensions: product configura-
tion and price. We model product configuration as a one-dimensional space:
a line on which firms choose a location. In certain markets it is clearly tech-
nologically feasible, and perhaps optimal, for a provider of information goods
to customize its offerings so that it in effect occupies multiple locations in
product space.! We limit, however, the firms in our model to choosing one
location in any period for a few reasons. First, we do so in order to focus
on the ability of firms to control the degree of product differentiation in an
environment where firms need to learn about the attractiveness of differ-
entiation. Second, even if firms could completely customize their offerings
based on certain customer characteristics, it remains quite likely that firms
will attempt to differentiate their offerings from those of its competitors in
other ways. Thus, our model might be interpreted as one in which firms
choose a brand identity. Generalizing the model to firms that offer multiple
product configurations is a worthwhile task for future research.? Finally, we

!See, for example, Farag and Van Alstyne [7].
2Some authors studied firms in Hotelling models that can sell more than one product,



do so to follow the conventional starting analysis of Hotelling-style models
as it enables a study of product placement decisions in a no-entry context.

The largest number of customers most prefer a product located at a
“sweet spot,” with the density of customers preferring other products falling
off with distance from the sweet spot. The firm’s optimal product configu-
ration needs to balance the rewards from selling to the many customers near
the sweet spot against the dual costs of losing customers in the less densely
populated tails and of lower prices due to fiercer competition near the sweet
spot. This is intended to suggest the choice between competing for a mass
market and a niche market.?

To introduce uncertainty about consumer preferences we assume that
the firms know the location of the sweet spot, but not the rate at which
demand falls off with distance from the sweet spot. We use a two-period
model to allow the firms an opportunity to learn about preferences from
their experience. Now we have a problem of ezploitation versus ezploration:
The locations and prices firms choose each period will determine current
profits, but will also reveal information that might increase their ability to
extract profits in future periods. Neither the most informative location/price
combination nor the combination yielding the highest current-period profit
will generally yield the highest expected cumulative profits. Therefore, the
optimal product configuration and pricing decision generally balances the
value of learning against the cost of foregone current profits.

Grossman et al. [9] are among the first to study have identified the
exploration versus ezploitation tradeoff in an economic problem.* As an
example, they consider an individual’s consumption of an item whose value
is unknown. Each time the consumer tries the item, the value she receives
is equal to the underlying value plus a stochastic shock. Thus the more
she experiments with an item, the better she knows its true value. Under

each with a different “location” or configuration. These authors make the extremely lim-
iting assumption that price is fixed exogenously, so that competition is only in location, as
well as the other restrictive assumptions of the Hotelling models identified above. Even in
these highly stylized models results are hard to obtain and are inconsistent. For example,
Gabszewicz and Thisse[8] find that two firms spread their products across the space but
locate each of their varieties right next to the competing firm’s most similar variety. But
Martinez-Giralt and Neven [16], with only one minor change in assumptions, finds that
firms locate all of their products in a cluster, yet locate those clusters as far from the
competitor’s cluster as possible.

#MacKie-Mason et al. [15] analyze the effect that Internet service architecture can have
on the choice between mass market and niche product configuration.

‘Holland [11] presents an early discussion of exploration versus exploitation in his
formalization of the adaptive learning problem.



the conditions outlined, the non-myopic consumer makes larger purchases
of this item in order to learn its value and make better decisions in future
periods. Subsequent authors, such as McLennan [17] and Aghion et al. [1]
study experimentation by a monopolist uncertain about the demand for its
product, and derive conditions under which there will be adequate learning.

In a related paper, Harrington [10] considers duopolists competing in
price in a differentiated products market with firms uncertain about the
degree of substitutability among products. However, in contrast to our
model with endogenous product differentiation, Harrington’s firm locations
are fixed. He shows that under certain demand conditions firms wish to
learn in the first period, while under other conditions they do not wish to
learn. With price the only strategic variable in his model, greater learning
follows from a greater price difference between the two firms. In our model,
with firms choosing both price and product configuration, learning can be
increased by lowering price (thereby attracting more niche customers far
from the sweet spot) or by differentiating products. Our model also differs
because Harrington’s firms are uncertain about the degree of differentiation
between their products, whereas ours are uncertain about the distribution
of consumer preferences. An implication of this difference is that, for a
given price decrease (holding everything else constant) a firm in Harrington’s
model knows the number of new customers who enter the market, but not
how many customers the firm takes from its rival. In our model, neither the
number of new customers in the market nor the number of customers taken
from its rival is known with certainty.

Our work is also related to the growing literature, using both empirical
methods and simulations, that studies the product positioning of informa-
tion goods. Clay et al. [6] find that as new firms entered online book selling,
prices remained flat or rose. They document a wide degree of heterogeneity
product and pricing strategies. They conclude that “the real puzzle is the
stores with wide selection and average prices”, but in a new market with
substantial learning, our model suggests that experimenting with this and
various other configurations may not be so puzzling after all.

Segev and Beam [18] report on some of the practices of electronic broker-
ages, who provide prices for other goods or services, and potential matches
to trading partners. They find tremendous uncertainty about profit max-
imizing strategies, and that in response experimentation with prices and
product configurations is greater than might be expected. Through a simu-
lation they find that in this environment brokers will do best to differentiate
widely, for example by either focusing on serving buyers (charging high fees
to sellers and low fees to buyers), or focusing on serving sellers.



Our model is also related to the Hotelling literature on endogenous prod-
uct differentiation.® The standard model in that large literature has two
firms locating on a line, but consumer preferences are distributed uniformly
on a segment rather than more densely around a sweet spot. We work with
a richer model of consumer preferences because the uniform distribution has
only one parameter (the width of the line segment), and to model uncer-
tainty would have required that we suppose firms did not know how far
uniform consumer preferences over product configurations extended, which
does not readily map to familiar information goods markets. Our approach
allows for uncertainty in a natural way: firms are not sure how rapidly con-
sumer demand falls off away from the sweet spot. Finally, although some
work on the Hotelling problem incorporates firm uncertainty, to our knowl-
edge we are the first to study learning in a location model of endogenous
product differentiation.

In developing our model, our goal was not to develop a general model of
product differentiation under uncertainty. Rather, our goal is to study how
uncertainty over consumer preferences affects the degree of differentiation
when firms face the very real choice of appealing to a mass market or ap-
pealing to a less populous and less competitive niche. While the Hotelling
framework is in certain respects a natural environment for studying “how
much” differentiation, it is well known that the framework has undesirable
features. Two market features that we feel are essential are the existence
of consumers who choose not to buy and the absence of either minimal or
maximal differentiation. The tent-shaped distribution of consumers cou-
pled with finite and bounding reservation utilities accomplishes these goals.
Even these relatively minor changes to the standard Hotelling model greatly
increases the difficulty in characterizing equilibria. The best response func-
tions are highly non-linear with discontinuities. As a result, we were unable
to analytically find equilibria for certain cases, such as the case of quadratic
“transportation costs.” That said, we have located a range of parameter
space where firms do face the market described above. The equilibria we find
are intuitively appealing. Furthermore, even though our parameter space of
interest might be relatively small, our general result that uncertainty over
consumer preferences induces firms to explore niches in product space is in
our opinion not an artifact of the model but rather a very real feature of
dynamic competition in markets where differentiation is important.

In section 2 we present our model, with details on the information goods
market, firm behavior and consumer behavior. We then solve for the sub-

®See Anderson et al. [2] for a thorough survey.



game perfect equilibrium of the two-stage game in section 3. We present
some extensions to the basic model in section 4. We discuss the results and
possible further generalizations in section 5. Our primary result is identi-
fying conditions under which firms will use first-period price and product
configuration in order to increase learning. However, in contrast to standard
models of firm learning, this is not at the expense of first-period profits.
Firms are able to increase learning by increasing the level of differentia-
tion between their products. This reduction of competition enables firms to
increase prices and thus increase short-term as well as long-term profits.

2 The Model

2.1 The Market

We consider a market for an information good that can be differentiated in
one dimension. An example would be Web sites that provide news content,
differentiated by the ratio of national to international news. A more general
model would permit differentiation in multiple dimensions. We represent
this dimension as a line on the real numbers. The product offered by each
firm is characterized as a location on this line.

#of
consumers
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Figure 1: Distribution of consumers’ most preferred product configurations
over range of product possibilities

We characterize a consumer by the product configuration (location) she
most prefers. We then map the distribution of consumers over the product



space line, with the vertical height above the line representing the number of
consumers for whom that location represents their most preferred product
configuration (see figure 1). We assume that there is a single product config-
uration that is most preferred by the largest number of consumers. We call
the location of these « consumers the “sweet spot”, normalized to be the
zero on the horizontal axis. Along the product space axis, the distance from
the most popular location is represented by [/, which can be either positive
or negative. The number of consumers decreases as one moves away from
the sweet spot at a rate of 4. Thus the number of consumers located at [ is
a— 9|l

As the number of consumers in the market is decreasing in -, it is not
entirely accurate to talk about the spread of consumer types as a distribu-
tion. In Section 4, we provide a graphical and numerical analysis of the case
where the total number of consumers is normalized to 1, and thus the height
of the triangular distribution, «, is a function of its slope, ~.

2.2 Consumer Behavior

We assume consumers purchase at most one of the two competing goods
in each period. There is no cost to evaluating the options and choosing
a provider. A consumer receives a utility of r if she consumes her most
preferred good, and an amount that decreases at rate c the further the con-
sumed good is from her most preferred configuration. To simplify notation,
we normalize both r and ¢ to 1.5 Letting (I, p) represent a product’s con-
figuration and price, a consumer of type t receives utility of 1 —p — [t —[|.
Consumers select the good that provides the greater utility, or neither if
utility would be negative. That some consumers may choose to purchase
nothing implies that there is both an intensive and extensive margin: A
firm can lose (niche) customers to the “outside option” or (mass market)
customers to “head-to-head” competition with the other firm.

We assume that the distance cost is linear for analytic convenience. The
constant cost ¢ could be interpreted as the loss in utility per article as a
bundled information good offers fewer articles of the type the consumer
wishes to read (e.g., less national news). In a more general representation
of preferences the distance cost might be nonlinear.

The density of consumers who purchase a given firm’s good according to
the behavioral rule above constitute that firm’s demand. We add a stochastic
component to each firm’s demand for two reasons. First, it is unreasonable to

5Normalizing ¢ is analogous to expanding or contracting the range of consumer types
with an appropriate scaling of ~.



model a world with firm uncertainty but to then assume that every consumer
makes exactly the right decision every period. Second, given our common
knowledge assumptions detailed below, almost any combination of prices
and locations in the first period would reveal the true value of v to each
firm. In no realistic problem can firms perfectly infer all relevant consumer
preference information from a single experiment, so we add a noise term to
ensure incomplete inference. To implement stochastic demand we assume
that each firm 4’s demand is subject to an additive random variable, ¢;,
whose CDF G;() has a mean of zero and variance of o..

2.3 Firm Behavior

Two firms compete in this market for two periods. The firms are ez ante
identical except in one regard. We assume that prior to the first period, each
firm selects a side of the sweet spot in which it will operate throughout the
game. It is straightforward to show that in equilibrium, the firms will locate
on different sides of the sweet spot. We make this assumption for a couple
of reasons. First, for a wide variety of markets it is reasonable to assume
that while product attributes can be changed locally, it is not feasible to
make “wholesale” changes. This restriction might stem from technological
or branding restraints. Second, this assumption rules-out what might be
seen as an unreasonable deviation of locating exactly where one’s rival and
slightly undercutting on price.

In each period, at zero cost, each firm can differentiate its product by
choosing a location on its side of the line, at the same time announcing
a price. Future profits are discounted at a common rate, §. The firm’s
objective is to maximize the sum of discounted profits, which are equal to
revenues because we assume that location and production costs are zero to
capture the easy reconfigurability and reproduction of information goods.

We assume the values «, ¢, r, 6 and the distributions of ¢; and ~ are
known to both firms. The need for learning arises because they do not know
the value of v. However, the firms have the same distribution of prior beliefs
over v, denoted by the CDF F(v), and thus the same expected valuation
(o).

After the first period of trade, the prices, locations and number of con-
sumers served by each firm is common knowledge. Conditional on this
knowledge and the prior belief jig, firms update their beliefs about the value
of 4. Our primary goal is to investigate how the opportunity to learn about
the value of v affects the conduct of the firm in the first period.



3 Subgame Perfect Equilibrium

In this section we solve the model for a subgame perfect equilibrium. Our
two-period subgame perfect framework does enable us to draw valuable in-
ferences about the more realistic case where the number of periods is larger.
First, we use second period behavior as a “no learning” or myopic bench-
mark against which to compare the actions of firms who take into account
the consequences of current period actions on subsequent period profits. Sec-
ond, adding additional periods does little alter the incentives of the game.
We can thus view the first period as representing periods under which the
firms act under uncertainty and the final period as the limiting case as the
value to learning goes to zero.

We believe there is substantial value to the study of the equilibria of
a tractable but reasonably realistic model of the dynamics of learning and
product configuration. First, by knowing the equilibria of the game, we
will know something about the behavioral incentives facing firms that find
themselves out of equilibrium in a more realistic setting. Second, we are
able to obtain explicit analytic results, which enables us to establish general
predictions about the comparison firms that strategically learn and those
that do not. In future research these predictions can then be tested against
empirical data. Further, the predictions of the game-theoretic equilibria can
be used as a guide to the design of intelligent heuristics; we discuss this
possibility in relation to research on software agent heuristics in section 5.

Since the game is finite, we use backward induction: We first solve for
optimal play by the two firms in the second period, conditional on their
updated expectation, fi;, from the first period. In the subgame we look
for Nash equilibria, in which if each firm makes the best play conditional
on the choices of the other firm, the choices will be mutually consistent.
Then, given the solutions for prices and locations in the second period as
a function of fi1, we solve for the optimal price and location choices by the
firms in the first period. Since their objective is to maximize the sum of
discounted profits over the two periods, their first period choices will take
into account not only profits in the first period, but also the effect of these
first period actions on expected second period profits due to their learning
about the slope of the customer preference density.

We denote the leftmost firm as firm 1, and the rightmost as firm 2, and
their locations as [; and [y respectively. Given the consumer choice rule,
for any {l1,l2,p1,p2} = {17]3'} we can identify the leftmost and rightmost
consumer types who purchase one of the goods as follows:



tt = hLh+p—1,
tr = 12+1—p2.

The consumer type which is indifferent between the offerings of the two
firms, t,,, will be

L+l p—m
tym = .

" > 2

Figure 2 shows the distribution of consumers for each firm for a given set of
prices and locations.
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Figure 2: Illustration of market division between firms

Proposition 1 In a pure strategy equilibrium, all customers located between
the two firms are served. Thus there exists a unique tp,.

(Proofs for the results are given in an appendix.)
Without loss of generality, assume that t,, > 0. Then demand for each
firm is

0 tm
Dl(f,ﬁ):/(1+7l)dl+/(1—7l)dl+51, (1)
t; 0
D, (L) = /(1 — 1) dl + e, (2)



Profits for each firm are:

m (ﬁﬁ) = p1Dy (ﬁﬁ)
o (ljﬁ) = p2Dy (ljﬁ) .

3.1 Second Period Equilibrium

Given fi1, their expectation of v after period 1, firms maximize total ex-
pected profit.” Taking the other firm’s price and location as given, each
firm calculates the first order conditions for its profit function subject to
two constraints. The first is that all consumers who purchase receive non-
negative utility. The second is that given the price and location of the one
firm, the other firm would prefer to compete rather than “undercut” and
leave the other with no demand. We assume for the moment that neither
constraint binds. This yields four best response functions in four unknowns:

l1(p1;p2, 12
p1(li;p2, 2
la(p2;p1, 1
p2(l2;p1, 1t

~— O ~—— ~—r
o o o o

which are then solved to find the Nash equilibrium.® Only one of the sixteen
solutions to this system satisfies the second-order conditions, so in the unique
equilibrium firms set price and location as follows:

3
*:_ 3
V41 81 ()
3
*:_ 4
D2 81 ()
7
f=1—— 5
P=1-g (5)
7
l§:_l+@a (6)

"The profit functions are linear in 7y, so we can replace y by its expected value fi when
calculating expected profits.

8The best response functions are extremely long so we do not reproduce them here.
They are available from the authors upon request.
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which will yield the following expected profit

I5+1-p5

Bl = o [ (a-ibd
0
9

642"

We can provide some economic interpretation to the best response func-
tions and the resulting equilibrium. If we look solely at the location decision
of firm 1, setting marginal benefit equal to marginal cost implies that for
an incremental move closer to its opponent, the number of customers that
firm 1 gains from its rival equals the number lost on the outside margin.
By differentiating the bounds of integration of the demand function with
respect to location, we see that the former is equal to % the height at %,
and the latter is equal to the height at ¢, or ;. The best response in terms
of price alone is more complicated, but still involves balancing the internal
and external margins. For our symmetric equilibrium where the middle in-
different consumer is at the sweet spot, there are a continuum of price and
location pairs that satisfy the condition that the external and internal mar-
gins must be equal. Whether the firms locate near the middle at a relatively
low price or closer to the midpoint of 0 and ¢, (or ¢;) at a relatively high
prices depends on how much firms desire to fight for the mass market. The
desirability of the mass market in turn depends on the expected slope of
consumer density, /i: the lower is i, the more valuable are the niche markets
relative to the (more competitive) mass market. This can be seen from the
effect of /i on equilibrium prices and locations in equations (3)-(6).

We next examine at how expected profit depends on fi:

. . 9ca® .
OF [m;|a] /op = ~3 < 0 Vi>0 (7)
. . 27ca’ N

Expected profits are decreasing in [i. This is due to the fact that, when
we increase -y, demand falls off more sharply as we move away from the
sweet spot. Equation (8) implies that expected profits are convex in fi.
That expected profits are convex in f implies the firms behave as if risk-
loving, i.e., they prefer more variability in their posterior mean on . That
is, they prefer to learn more information about the actual value of -y, as this

12



permits them to do a better job optimizing in period 2. We discuss this
point in further detail in Section 5.

At this point, we must return to the neglected constraints, which force
us to put bounds on the range of beliefs for which the above equilibrium
holds. As shown in Proposition 1, in any pure-strategy equilibrium there
are no unserved consumers between the two firms. This will only be true in
a symmetric equilibrium if a consumer located at the sweet spot has non-
negative utility. From the consumer utility function and the equilibrium
prices in (3)-(4) this will be true in our equilibrium only if 4 > 2.

Likewise, we must ensure that a firm would not prefer to undercut the
rival and leave it without demand. We first note that in order for our first
order conditions to be valid, it must be that [, > [;. This will be so as
long as i < 5.9 In order to undercut its rival, a firm must set a price equal
to at most the price of the other minus the inter-firm distance. Given that
the most profitable location from which to undercut one’s rival is the sweet
spot, we thus define the profit-maximizing deviation, pyyer, as follows:

1 —2+2ﬂ+\/4—2ﬂ+ﬂ2>

Pover = MAxT <1 — @, 30

where the second term is the profit maximizing price for a monopolist. It
is straight-forward to show that for all i < %, the monopolist price will
be infeasible. Further, we can show that this optimal deviation will be
less profitable than competing competing will be at least as profitable as

deviating as long as i < %. The above symmetric equilibrium thus holds

for what we shall call “medium” slopes, (i € [g, %] 10 We discuss the
equilibria for ji outside of this middle range in section 4.

The “reasonable” width of this range for [ is an empirical question,
since there are no constraints other than non-negativity on the free param-
eters. We could certainly make this width appear larger with a different
normalization. The important question is whether this region captures an
economically interesting set of problems. We believe that it does. This
region is important because it is precisely the region in which firms desire
to compete both for the mass market and remain attractive to many in the
niche market. This is an accurate description for many markets of interest.

9That I > I, is arbitrary, but we used it to specify the demand functions facing each
firm in our solution for the equilibrium. The same parameter restriction would hold if
we reversed the firms and imposed l; > [>. More generally, what is required is that firms
compute their expected demand consistently with their equilibrium location.

1011 order to ensure that /i is in this range in the second period, it suffices that the firms
place zero probability on any ~ outside of this range in the first period.
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Outside of this range for i the model corresponds to different types
of markets. For example, consider the effect of decreasing i inside the
symmetric range: the niche markets become more attractive. As one would
expect, our equilibrium conditions show that the firms are less inclined to
compete for the mass market: the firms increase product differentiation and
prices increase as firms act more like local monopolists in the niches. As
we continue to decrease [i past g, an interesting thing happens. We can
show that while the middle indifferent consumer still exists at the sweet
spot, there is no actual competition as the firms choose prices and locations
such that these consumers receive utility exactly equal to their reservation
utility from either firm. In short, the niche becomes so attractive that it
is preferable to be a local monopolist for this niche. In this situation there
is no head-to-head competition for the mass market, and thus the firms do
not balance their appeal to mass market and niche customers. We look at
this case, as well as the case where i > % in more depth in Section 4.
Whether we are in this case, the case where i is so steep as to make the
niches unattractive, or the intermediate case in which firms balance between
selling to both mass and niche markets of course depends on the market in
question. In the rest of this section, we limit our attention to the case where

[i is inside the specified range.

3.2 First Period Equilibrium

Having solved for the equilibrium in the last period, we now characterize the
Nash solution for the first period, taking into account the effect of first period
choices on expected second period prices, locations and profits. The link
between periods is through learning: realized first period demand provides
information about the value of -, so that generically i1 # fi9, and second
period prices and locations are functions of ji; (see equations (3)-(6)).
Firms update their beliefs on vy based on the implication of their locations
and the total realized demand for the preference density slope, taking into
account that demand has a mean zero stochastic component. Making use
of the symmetry of the demand density and that firms locate equidistant
from the sweet spot, we derive the following total demand equation for

D(I,p) = D1 (I,p) + Da(l, p):

ty
Dip) = 2/(1—7l)dl+6 9)
0
= 2tr—7t$+5
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= 2(5+1—p) —y(I3+1—p)° +e.

Rearranging equation (9) gives:

2 B D (l_:ﬁ) o € (10)
lo +1—po (l;‘—i—l—pg)2 7 (l2+1—p2)2.

Proposition 2 The left-hand side of (10) is an unbiased estimator for -y
o?

with variance equal to ——=——.
q (Ia41—p2)?

After observing first period total demand, firms apply Bayes’ rule to com-
bine their prior beliefs with this new unbiased estimate to obtain updated
beliefs on +.

We can view the choice of prices and locations followed by a demand ob-
servation as an experiment. An experiment is more informative if it reduces
the variance of the estimator. As the denominator of the variance is equal
to tr = tf, reducing the variance is accomplished by increasing the number
of niche consumers served. The intuition is that as the firms increase their
reach (i.e., by moving t; and ¢, further away from the sweet spot), demand
is more affected by +, and the relative effect of € diminishes. Firms increase
their reach by either lowering their prices or moving away from the sweet
spot.11

We define the posterior CDF of v as F(|D([;13))12 We apply Bayes’
Rule to get:

G' (D —2t, +~t2) F' ()

F'(ID( 7)) = D) ,

where
H'(D) = /G’ (D = 2t, +722) F'(v)dy.

Because both firms have access to the same information about the out-
come of the first-period experiment, they arrive at the same updated distri-
bution of beliefs about v and thus the same and expected value, 1. We have
shown previously that with the same bounded beliefs about 7, the unique

"That the distribution of ¢ is independent of total demand is an analytic convenience.
Increasing reach will assuredly provide a more informative experiment if the ratio of vari-
ance of € to total demand is non-increasing as ¢, = —t; increases.

126 reduce clutter we do not label variables with a period index. In this section prices
and locations refer to first period activity.
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second-period equilibrium is symmetric. Therefore, for any first-period equi-
librium the two firms have the same expected second-period profit equal to

Wip) = [B|nl [ P (1DEH)d| 1 (D)aD.

Both firms maximize cumulative profits discounted at rate J, so the first-
period value function for firm 2 is

tr .

f(l—q/l)dl+6W(l,ﬁ) if > 0

Va (l,ﬁ) =< " t .
[ (dydi+ [ (1=l di+ W (1,5) if by < 0.
0

tm

A firm’s best reply function, ¢;, is a pair of price-location values defined by

bi (pj,1;) € arg maszz' (pislispj,1j) -

iyt

Proposition 3 ¢; exists.

A symmetric subgame perfect equilibrium exists iff there exists I =—ly
and p; = Py such that

{p1.h} = ¢ (;52,[2)
{p2. o} = ¢ (;51,[1)
Proposition 4 A symmetric subgame perfect equilibrium exists.

We now establish our main result. We wish to establish the effect that
the opportunity to learn has on first-period price and product differentiation
decisions. To do this, we compare the equilibrium first-period prices and
locations to those that would be an equilibrium if both firms ignored the
value of learning.

Without learning, there is no link between periods as both prices and
locations can be changed costlessly between periods. If this were the case,
optimal first-period behavior would be purely exploitative, and maximiz-
ing the sum of discounted two-period profits would degenerate into sep-
arately maximizing profits in each period based on the prior expectation
tio on the unknown slope . Consequently, the best response functions
in the first period would be the same as in the second period. Denoting
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first-period equilibrium price and location values for a firm that ignores
learnuing bX {f)i,lvi}, these values are the same as the second-period values:
{p1,l1,D2, 12} = {p7(jao), T (fi0), p5(fk0),5(fio) }. Therefore, from the results
of section 3.1 we know that a unique and symmetric first-period equilibrium
exists for these non-learning firms.

Proposition 5 Taking the value of learning into account in the first period
causes firms to choose locations further from the sweet spot, and prices higher
than they would if they ignored the value of learning. That is, for i =1,2,

Di > Di
il > |l

The consequence is that consumers will face more product diversity, but
higher prices, in an information goods market described by our assumptions.

3.3 Consumer Welfare

We analyze the effect of the learning process on consumers for two reasons.
First, while the process results in a short run increase in market power for the
firm, it also results in an increase in product diversity and in the number of
consumers served, so that aggregate consumer welfare may actually increase.
Second, understanding the effect on consumer welfare sheds light on the
manner in which firms conduct their learning. We find that even within the
range of beliefs about v where the symmetric equilibrium holds, their beliefs
about the attractiveness of the niche will determine how much competition
is relaxed for a given experiment.

The effect of the learning process on consumer welfare is a complicated
affair. Looking solely at the first period effect, how an individual consumer
fares will depend on her type. Those located near the sweet spot will face
higher prices and products less tailored to their tastes when firms locate
further apart and raise their prices. Consumers located to the outside of the
firm locations will receive a more desirable product, albeit at an increased
price. Finally, as the number of consumers served increases in a learning
environment, these new consumers clearly benefit. In this section, we look
to resolve some of this ambiguity.

Using notation developed in Section 3.2, we define the no-learning equi-
librium prices and locations as p; and ;. Making use of the symmetry of
equilibrium demands, we look solely at the expected surplus of consumers
to the right of the sweet spot. Their expected surplus in the no-learning
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case, CS is:
y i y
Cs= [0 =a)— =1 - ). (11)

We now look at how consumer surplus changes as firms increase their
reach. As we show in section 6 with equations (25)-(27), for any given

reach, £ = t, = —t;, we can write the profit maximizing prices and locations
as follows:
- 2
pp=i- - (12)
2
. - 25
Iy = —1+2t—7“. (13)

Armed with a characterization of the equilibrium prices and locations as
firms increase their reach, we can now gauge their effects on consumers. In
equation (11), we change the outer bound of integration to £, and substitute
for prices and locations as detailed in equations (12) and (13). Differentiat-
ing with respect to # gives us:

- 3 47
oCS/ot = — (16 + 640 — — ). 14
J0i = 155 (16+ 64— =) (14

There is thus a region where consumer surplus is increasing in expecta-
tion, and one in which it is decreasing. We can solve equation (14) to find
the threshold, which we shall call ji,

43 -1
ji = ‘fT ~ 0.741025. (15)

This threshold is outside of the range of our current interest, i € [%, %]
Thus for all appropriate /i, firm experimentation in the first period, embod-
ied by an increase in ¢, causes an expected decrease in consumer surplus.

We can gain some insight towards interpreting this result by looking at
how a firm changes price as it changes its reach. In Section 6, we show that
Opa/0t = (1 — tf1). Thus the greater fi, the smaller any price increase for a
given “unit” of learning (i.e. change in reach). Likewise, the greater /i, the
less firms move their locations towards the tails. We can thus see how the
manner in which firms experiment is affected by their beliefs. Even though
firms desire to explore the niches, if their beliefs about the attractiveness
of the tail are “pessimistic” enough, the mass market is more worth fight-
ing over, and this moderates their move towards the niche for the sake of
learning.
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Our threshold condition indicates that as ji increases, the expected loss
in consumer welfare decreases. For i > %, there is no pure strategy equi-
librium, and we have been unable to solve for a mixed strategy equilibria.
The consumer welfare effects of learning in this “steep” region is thus an

open question.

4 Extensions

4.1 Flat Region

In this section, we look at the case when the expected slope of vy, is smaller
than the previously specified symmetric range, i.e. g < %. It is in this
range that the niches are expected to be desirable, so much so that firms
do not compete for any of the same consumers. We look at this case for
two reasons. First, it gives us an opportunity to compare this case with the
previously analyzed case where firms do desire to compete for consumers.
Second, it will enable us to analyze the case where beliefs about v span these
two regions.

As with the previous analysis, we first look at the second period equili-

brium as a function of /.

Proposition 6 For i < %, there are a continuum of equilibria such that:
1.ty € [-1,1]
2. t is decreasing in fi
3. u(ty) = 0.

Faced with a continuum of equilibria, we focus on the one where firms set
prices and locations such that ¢, = 0. As the firms are completely sym-
metric, there is no reason to believe than an asymmetric equilibria will be
selected.'® Thus for any location from where it is possible to serve the sweet
spot, there exists a unique price that delivers exactly the reservation utility
to the sweet spot. Looking only at the rightmost firm for the moment, this
price is equal to 1 —[9, and we can thus write the profit function as follows:

w(la) = 2(1 = L) (Il — 132), (16)

13This particular equilibria has the added benefit of being subgame perfect even if we
allowed either or both firms to select locations from either side of the sweet spot.
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which yields equilibrium prices and locations, p; and ;, of

1

5 = ,i={1,2 17
b I +i+vVitGa-Dp 1.2} (17)
. 1

L o= - __ (18)

I+a+V1+(@R—-1)0
. 1
la = (19)

I+a+/1+@E—-1D)p

which will yield the following expected profit

2l_2
5 _
E[m|ﬂ< g} - (l—lz)/(l—ﬂl)dl
0

2(1+ﬂ2+(1+ﬁ) 1+(ﬂ—1)ﬂ)

(1+a+VTFGE-17)

As we did in Section 3.1, we now examine how expected profit depends on
7%

O [mi|j] _2(4—3@—2ﬂ3+\/1+(ﬂ—1)ﬂ(ﬂ—4+2ﬂ2))

. 37 (20)
0 g,[;;i'u] _ (_4 (=21 = a(p—1))+/14+ (p—1) (8 + (50— 8)))_1(21)

Equation 20 is negative for all positive ji less than g, reflecting the fact that
a smaller v represents a flatter slope and more attractive niches. Equation
21 is positive for all positive /i less than %, and implies that as in the previous
case, expected profits are convex in /i.

The convexity of profits in /i in the second period has the same impli-
cation for the first period as it does in the “medium” - case previously
analyzed. Namely, that expected second period profits are increasing in
first period reach, or £, = ¢;. Once again, if firms were to neglect the effect
of first period choices on second period profits, they would choose prices
and locations as specified by Equations (17)-(19). Letting p; and [; denote
first-period subgame perfect prices and locations in period 1, we have the
following result.

Proposition 7 When the support of F(v) is less than %, taking the value
of learning into account in the first period causes firms to choose locations
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further from the sweet spot, and lower prices than they would if they ignored
the value of learning. That is, for i = 1,2,

Di < D
Ll > |l

Furthermore, first-period profits are lower in expectation than compared with
firms acting myopically.

The fact that first-period profits for the learning firms than would be the
case for myopic firms is not surprising. As the firms do not actually compete
for any consumers, they are in effect local monopolists. There is thus no
attenuation of competition effect, and thus there exists only the ezploration
versus exploitation tradeoff. The lower profit in the first period represents
the standard loss of current period profits in order to gain more information.

In all previous analysis, we insisted that beliefs about 7 where limited
5 11
8716
equilibrium profits are convex in beliefs about v, which implied that firms
desire to learn the true state of the world. We now look at the case where

we allow firms to have positive priors on v € (0, % .

to to a particular region, either v € [ ] or y € (0, %] In both cases,

Proposition 8 If prior beliefs about v span both [%,%—H and (0, %], the
value of information may be negative.

Figure 3 offers a graphical demonstration of Proposition 8. The kink

occurs at the meeting of the 2 convex regions, namely at i = %. Let us

consider the situation where firms share the common expected v of i = %.
The more informative the experiment, the further that beliefs will be spread
around %, which in this case lowers expected profits. Thus, in this case firms
prefer less informative first-period experiments.

The finding that the value of learning in competition can be either neg-
ative or positive is similar to the main result of Harrington [10]. In Har-
rington’s model of fixed product characteristics, profits are concave in the
degree of substitutability if firms’ believe that their products are not very
substitutable, and convex if they believe they are. The intuition for this is
straightforward: if firms believe that their products are not close substitutes,
as long as they maintain this belief they can both price as if they are in effect
local monopolists. Neither would thus prefer a particularly informative ex-
periment: yes, they might find out that they do indeed have market power,

but they also might find out that their products are in fact close substitutes
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Figure 3: Equilibrium per-firm profits as a function of ji. Values of ex-
pected v (f1) less than .625 represent the flat region where in equilibrium
any consumer who buys from one firm gets non-positive utility from the
other firm.
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which would force them to act on this knowledge and lower their prices in
order to compete more vigorously. We can use this same intuition to explain
behavior in our endogenous product characteristic model in the case where
beliefs span both the flat and medium ranges. Consider once again the case
where the firms share the common expected 7 of i = g. The more informa-
tive the experiment will spread beliefs further around g. Whereas firms act
like local monopolists with j = g, the more informative experiment might
force the posterior belief well above %. With this new belief, firms would be
forced to compete for the mass market, and thus lower expected profits.

When beliefs are restricted to either of the two regions, there is no longer
the possibility of transitioning from local monopolist to competitor. Any
information thus leads to firms being “better” local monopolists or “more
realistic” competitors. Information thus has a positive value.

4.2 Steep Region

When 4 > %, the firms expect that the niches will be quite unattractive.

11

Proposition 9 When i > 1,

strategies.

there does not exist an equilibrium in pure

As Proposition 9 demonstrates, there are no pure strategy equilibria in
this range. Furthermore, we were unable to solve for any mixed strategy for
this case. We leave analysis of this case to future work.

4.3 Triangle Distribution

In all of the preceding analysis, while the value of the niches is uncertain, the
value of the mass market is more or less known with certainty as it is largely
derived from the constant «, which we normalized to 1. This is a realistic
model of many markets. If the market in question was initially served by
monopolist, this firm, which would have found it optimal to locate at the
sweet spot, would have a good idea of the value of the mass market and less
information about the niches. For better or worse, such a formulation implies
that the number of consumers in the total market (mass plus niches), is a
function of v. It is equally compelling, however, to consider the case where
the total number of consumers is fixed but their distribution is unknown.
We thus normalize the total number of consumers in the market to 1.
The density of consumers at the sweet spot, «, is now a function of -y, namely
a = /7. Expected demand is no longer linear in vy, thus E[y] = f is no
longer sufficient for maximizing expected profits. We therefore consider the
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following special distribution of prior beliefs, where «ys represents a “steep
7" and 7y represents a “flat 4”: Prob(y = v,)=p; Prob(y = v;)=(1 — p).
Assuming without loss of generality that t,, is positive, we have the following
expected demand for each firm:

0 tm
EDy (5,1 = p (/ (Vs +760) dl+/(\/%—7sl)dl) +

t 0

+(1-p) (/(W-f-’)/fl)dl-f-/(\/’y_—’)/fl)dl)

tr 0
ty tr

-

E(D (5.5 = p / (Vs — )l | +(1—p) / (V7 — 1) dl

Expected profits for each firm are:

Differentiating each firm’s expected profit equation with respect to the re-
spective its price and location yields four first-order conditions and four
unknowns. Unfortunately, the equations are highly non-linear, and we are
unable to solve this system of equations analytically.

We were able to numerically solve for second-period prices and loca-
tions.'* If we first assume that there is no uncertainty in the second period,
we can solve for the bounds of the “medium” +.'5 If v is greater than ap-
proximately 0.59, there does not exist a pure strategy equilibrium as either
firm would prefer to undercut its rival should the rival play a price and lo-
cation pair that would otherwise solve the first order conditions. Similarly,
if v < %, there is no real competition for the mass market as both firms
act like local monopolists. Our region of interest, where firms desire to both
serve the mass market and the niches, has v; = .59 and vy = 0.390625.

Figure 4 shows equilibrium profits as a function of p, the shared belief
that v = 7,. Profits were found for p = {0,.01,.02,...,.99,1}. The figure
shows that profits appear to be convex in p, and our calculations show

'We used the fsolve function in MATLAB to find prices and locations satisfying all
first-order conditions within 172,
5Details of these calculations are available from the author on request.
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Figure 4: Equilibrium per-firm profits for the triangle distribution as a func-
tion of p, where p is the shared belief that the slope equals 0.59 and (1 — p)
the belief that the slope equals 0.390625.

that Jensen’s Inequality holds for all 99 interior points. Notwithstanding
our inability to find an analytical solution, the numerical approximations
argue that profits are indeed convex in y. We thus believe that Proposition
5 is not driven by the fact that the number of consumers changes as vy
changes, but rather is a more general result covering the cases where there
is only uncertainty about the variance of the distribution of consumers across
product space.

5 Discussion

Rather than charge prices or differentiate goods to maximize current ex-
pected profits, firms may choose different prices or product configurations
in order to create better experiments to improve their estimates of consumer
preferences. Experimentation is usually thought to be undertaken at the ex-
pense of short-run profits. We have shown that this need not be the case.
In a model of competition under uncertainty, in which firms have the ability
to decrease direct competition, firms’ desire to resolve uncertainty can lead
to to short-run profits higher than would be the case if firms did not care
about subsequent periods.

In our model of endogenous product differentiation with uncertainty
about consumer preferences, firms are trying to learn the rate at which
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consumer preferences fall off away from the “sweet spot”, in order to choose
the right balance between competing with low prices for the mass market
of consumer and competing with higher prices for a niche market. What
firms learn in the first period about the distribution of consumer prefer-
ences changes their second-period price and product configuration choices.
Thus, first-period price and configuration choices affect expected second-
period profits.

The amount of learning that a firm desires to undertake (at the cost
of foregone current profits) depends on the convexity or concavity of the
profit function in the firm’s belief about the unknown parameter, . Due
to Jensen’s Inequality, a concave utility function induces risk aversion: the
decision-maker prefers a given value with certainty to a gamble with the
same expected payoff.

In our model of endogenously-differentiated information goods future
profits are convex in beliefs about 7 in the “medium” range of . Conse-
quently, firms prefer a gamble to that gamble’s expected payoff, and they
are willing to alter first period actions to gamble on what they will learn
about 7. In order to learn more about 7, firms set first-period prices and
product configurations to better explore the tails of consumer space than
they would if they ignored the opportunity to learn.

This “risk loving” behavior arises even though the firms are by assump-
tion risk neutral. For given prices and locations, profits are linear in v, and
firms thus maximize profits based on the expected value of v. Only when
the true state of the world is /i, however, are the firms actually choosing the
optimal actions for that state. The effect of v on profits is not linear be-
cause if the firms “knew” that the state of the world was not ji, they would
choose better actions. Firms thus desire better information about what ~
actually is, i.e. have a desire to experiment, so that they can better tailor
their actions to the actual state of the world.

The manner in which a firm’s desire to experiment affects prices and
product configurations is relatively straightforward. As a firm’s “reach”
increases its sales are more affected by the value of v, and the stochastic
component of demand becomes relatively less important. Thus, locating
further away provides a more informative experiment.

While it is true that firms could decrease price to increase demand and
thus increase the informativeness of the experiment, we actually see the
opposite effect on prices in this model. To understand why, consider a given
experiment, which is to say an expansion of the outer bounds of consumers
who buy (#; and ¢,). While a firm could serve this customer base by lowering
its price, it could also move further away from its direct competition, which
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allows it to raise price. Clearly the latter strategy is superior, as it allows
the firm to serve the same number of customers at a higher price.

Our main result suggests that when there is uncertainty about consumer
preferences for information goods, there will be substantial experimentation
in the form of product diversity. This seems consistent with casual obser-
vation of the past several years of commerce in information and other elec-
tronically transacted goods. With many new goods and services uncertainty
about preferences has been high. Correspondingly the rate of introduction
of new products and differentiation amongst them has been quite high.

Whether prices have been high or low for new products is not as obvious.
In some markets the desirability of charging higher prices has perhaps been
mitigated by other factors, such as the desire to build a brand reputation
or to lock in customers. However, evidence from Bailey [3] suggests that as
new firms entered in various electronic commerce markets, prices increased.

Whether our results are robust requires further investigation. Our nu-
merical approximations to case where there is uncertainty over the variance
of the triangle distribution suggests that our results are not limited to our
model. There are other directions in which one could generalize our model.
For example, firms might be heterogeneous in one of several ways: they
might start with different beliefs, or they might start at different locations
in product space and have nonzero costs of re-location. We also might learn
more from a model in which there are multiple dimensions along which prod-
ucts can be differentiated, or in which there are more than two firms that
sell imperfectly substitutable information goods (or in which each firm can
sell multiple different goods). We also wonder whether the effect of valuable
learning opportunities on pricing and product differentiation would be the
same if there were more than one unknown parameter of the consumer pref-
erences distribution. For example, a firm might not know the slope v and
also might not know the disutility cost ¢ consumers incur as offered product
configurations get further away from their most preferred product.

A series of papers ([12, 4, 14, 13, 5] has studied the out-of-equilibrium be-
havior of software agents that search price and product configuration spaces
under uncertainty about consumer preferences. In those papers the agents
representing firms selling information goods face environments too complex
to explicitly solve for optimal strategies even in a single firm environment.
Instead, they pursue various search heuristics. Relatively generic (unin-
formed) search heuristics were adopted due to the relative paucity of prior
literature on the theory of optimal product and price configuration in an
information goods environment. The results in the present paper, by char-
acterizing some of the properties of optimal learning strategies in a particular
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setting, provide guidance for the design of informed search strategies in more
complex (and thus realistic) settings. In separate research, we are pursuing
the implications of the present paper for computational analyses of behavior
off the equilibrium path.

6 Appendix: Proofs of Propositions

Proof of Proposition 1. Assume that this is not the case in the second
period. Then there are unserved consumers located between the two firms.
Without loss of generality assume that some of these consumers are of type
t > 0. Due to the fact that consumer density decreases as we increase t, the
number of consumers at the right boundary of the leftmost firm (o — fi(l2 —
—P2)) is greater than the number of consumers at the leftmost boundary of
the rightmost firm (« — i(lz + ==£2)) for all y. Therefore the rightmost firm
can profitably deviate by moving its location to the left, so this cannot be a
pure strategy equilibrium. The same logic holds if some of these consumers
are of type t < 0.

The proof is similar for period 1. In addition to the increase in profits
in period 1, the deviation also increases expected profits in period 2. To
see this, note that from Proposition 2 the deviation decreases that vari-
ance of the estimator. As expected second period profits are convex in the
expectation of v, a more informative experiment increases expected profits.

Proof of Proposition 2. The result is transparent: the variance of the
estimator is the variance of £ divided by a constant, which is o2 divided by
the squared constant.

Proof of Proposition 3. From equations (1) and (2) we have that aggre-
gate demand is continuous in {p1,p2,1,l2}, and thus that the value function
is continuous in the same arguments. Since p; € [0,7] and [l;| € [0, 7], ¢
exists by the Weierstrass Theorem.

Proof of Proposition 4.

We first prove that if an equilibrium exists it is symmetric. Note that the
expected second-period profit function éW (p1,p2,l1,l2) is the same in the
value function for both firms, and symmetric because second-period profits
are symmetric. Other than this additive expression, the first-period value
functions are identical to the second period expected profit functions. Thus,
a firm’s first-order conditions are identical in the two periods except for the
addition of a partial derivative of dW with respect to the choice variable of
interest; that partial derivative will be symmetric for the two firms because
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the function W is symmetric. Therefore, if a solution to the system of
first-order conditions exists, a symmetric solution must exist.

We now show the existence of the equilibrium. We first note that firms
affect expected second period profits, W (-), solely through their choice of ¢,
and #;. As any prices and locations yielding the same t; and ¢, are equally
informative, prices and locations will be such that they maximize current
profits for a selected ¢, and ¢;. For any ¢t = t, = —t;, there exists a unique
price and location pair (p;, L = —l~2) that maximizes current period profits.
These values are given by!®:

.t
5 =ct — & 24
p1=¢ 2% ( )

5 - e
p2 = ct — al (25)

2a

~ T -t
li1=-—-2t+ — 26
1= + 9 (26)

~ r - t~2/l
lo = —— + 2t — —. 27
2 c+ 2 (27)

We can thus characterize maximal one-period expected profits for any ¢ as
follows: .~
ct? (it — 2a)?
4o
The firms’ maximization problem thus reduces to finding ¢ to maximize
total discounted expected profits. A firm’s first period value function is thus:

E[ﬂ-iﬁa la] =

ct? (it — 2a)?

V(E) - 4o

+ W (1)
and symmetric equilibrium is # € arg max; V (£). Existence of ¢ follows the
same reasoning as presented in preceding proof.

Proof of Proposition 5.

Define f as the “reach” that maximizes expected first period profits, i.e.
{=1Il+ T;ﬁ 2 and t as t € arg max; V (f). The informativeness of first period
prices and locations are increasing in ¢. Thus, due to the convexity of E[r|/]

in fi, W(-) is increasing in £. This combined with the fact that expected

16Simple algebraic substitution reveals that the solution to the one-period maximization
r—p3
—2.

problem given by equations (3)-(6) is the solution to equations (24)-(27) for £ = I3 +
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9ca

first-period profits are less than 6142 (i.e. the best myopic profits) for all
0

t < £ implies that £ > £.
To see the direction in which prices and locations move as we increase £,
we differentiate equations (25) and (27) with respect to # and get

8ﬁ2/8£:c< —t—“> >0 Vi<
«

=R

- ti _
6l2/8t:2——“>0 Vit <
(87

=R

Thus, ]31 Z ﬁz and |l;| Z |iz|

Proof of Proposition 6.

Define a firm’s aggressiveness, A;, as the utility firm 7 provides to the
sweet spot, i.e. A; = 1 —p; — |I;|. We shall show that for 4; € [-A, 4], Aj =
—A;. In other words, u(t,,) = 0 by linearity of the cost function.

Assuming for the moment that ¢, < 0 and that the no undercutting
constraint does not bind, we write firm 1’s maximization problem. In terms
of As, we can redefine ¢, as:

1-Ay—P—-1+14
tm = : .

This firm’s Lagrangian is thus:
L=m —)\(—1+p1 _ll+tm)a

where the constraint represents the fact that the middle-indifferent consumer
must receive non-negative utility.

There are 6 {1, p1, A1 } combinations that solve the first-order conditions.
Assume, for the moment, that Ay ~ 0. The only solution that satisfies the
second-order condition is:

1+ Q2+ A)a+ T4+ (1 + g+ Ay(—2 + oo + Aofr))

1 =

p 3

o 1+ (1 +242)a+ T+ a(—1+ g+ A (=2 + o+ Azf2))
— 5

Algebraic manipulation reveals that the above price and location rules imply
that A1 = —A2. The results for ps and [y are similar. Of course, we have
taken As as given, when in fact, it would be chosen optimally. Combining
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the optimal delivery of As with the no-undercutting constraint, we can find
an expression for the maximum aggressiveness Ay (and therefore minimum
Ay via symmetry) such that the above price and location rules are equilibria.
This function for A, is quite complex and thus omitted. Note that the price
and location rules in section 4 is equal to the above rules with A, = 0.

Furthermore, when A, is greater than a certain threshold, there is a
different set of prices and locations that satisfy the second order condition.
We can show, however, that either firm 1 will undercut or firm 2 would not
optimally choose As. Once again, the conditions are complex and available
from the author.

Proof of Proposition 7.

As p; and [; maximize expected first-period profits for ji given u(t,, =
0) = 0, first-period profits from p; and [; must be smaller in expectation.

For ease of exposition, we look now at the the first-period incentives of
firm 2. By symmetry, those facing firm 1 will be qualitatively the same. We
let £, represent the rightmost indifferent consumer given p, and Zg, and %,
the rightmost indifferent consumer given py and ly. Tt is clear that £, £ t,., as
this would decrease both first and second-period expected profits. Therefore,
it must be the case that £, > .. As u(tm) = 0, it must therefore be the
case that for t, > ,, Iy > l5, and consequently po < Po.

Proof of Proposition 8.

We show this result by means of an example.

Let the common distribution of prior beliefs about v be as follows:
Prob(y = #2)=.5; Prob(y = Z)=.5. Thus i = 2. We show that expected
profits are greater than the corresponding “gamble”:

A Ty=g5) +r(r=%)
E[WM > 32 5 32
22954259V 777 | 16
3 > J2r5992 + 1
25 2
g S 528327 + 12691+/777
25 2547216

where the left-hand side equals approximately .346. Analogously, it would
have been straightforward to show that a risk-neutral decision-maker would
prefer E[r|fi = 2] to any gamble with the same fi.

Proof of Proposition 9.
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First, it is clear that there cannot be a pure-strategy equilibrium in

which one firm undercuts the other firm, as the latter firm could find a
price, location pair to yield positive profits.
For i € (%, %), the only possible pure-strategy equilibria are those
defined by equations (3) - (6). It has already been shown that this cannot
be an equilibrium as either firm could profitably deviate by undercutting
the other.

Second, we have already established that in any pure-strategy equili-
brium, the middle-indifferent consumer is served. Only when u(t,,) = 0, i.e.
marginal benefit from decreasing price/moving out out is greater than the
marginal benefit from increasing price/moving in, will the first-order condi-
tions not hold with equality. Consider the equilibrium where each firm acts
like a local monopolist on its side of the sweet spot, i.e. u(t, = 0) = 0.
If a firm would deviate when t,, = 0, it would surely deviate at any other
proposed equilibrium where the middle indifferent gets 0 utility. Via the
equations in Proof 6, for A3 = 0, we have

—1
t = <—1+2g+2,/1+a(ﬂ— 1)) :

which represents the loss from an small move towards the sweet spot, the
gains of which would be % Algebraic manipulation reveals that the benefits
of such a deviation are greater than the costs as long as g > g, thus it
cannot be the case that the middle indifferent consumer receives 0 utility in
equilibrium.

For o > %, consider any ({I,p}) for which both firms have positive
demands and positive prices. These will not satisfy at least one of the first-
order conditions with equality, as we have demonstrated that no {[; P’} satisfy
equations (3) - (6) for f in this region. Therefore, at least one firm could
profitably deviate.
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